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Abstract
It is shown that if A,B, and X are operators on a complex separable Hilbert space such that A and B
are compact and positive, then the singular values of the generalized commutator AX −XB are dominated
by those of ‖X‖(A ⊕ B), where ‖.‖ is the usual operator norm. Consequently, for every unitarily invariant
norm ‖|.‖|, we have
‖|AX − XB‖| ‖X‖‖|A ⊕ B‖|.
It is also shown that if A and B are positive and X is compact, then
‖|AX − XB‖|max(‖A‖,‖B‖)‖|X‖|
for every unitarily invariant norm. Moreover, if X is positive, then the singular values of the commutator
AX − XA are dominated by those of 12‖A‖(X ⊕ X). Consequently,
‖|AX − XA‖| 1
2
‖A‖‖|X ⊕ X‖|
for every unitarily invariant norm. For the usual operator norm, these norm inequalities hold without the
compactness conditions, and in this case the first two norm inequalities are the same. Our inequalities
include and improve upon earlier inequalities proved in this context, and they seem natural enough and
applicable to be widely useful.
© 2007 Elsevier Inc. All rights reserved.
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Let B(H) denote that C∗-algebra of all bounded linear operators on a complex separable
Hilbert space H . For two operators A,B ∈ B(H), the commutator of A and B is the operator
AB − BA. Commutators arise naturally in many aspects of operator theory, and they play an
important role in this theory.
It follows by the triangle inequality and the submultiplicativity of the usual operator norm that
if A,B ∈ B(H), then
‖AB − BA‖ 2‖A‖‖B‖, (1)
where ‖.‖ designates the usual operator norm. For the case when A or B is positive, the inequality
(1) has been recently improved in [19] so that
‖AB − BA‖ ‖A‖‖B‖. (2)
It has been recently shown by Böttcher and Wenzel in [8] that if A and B are Hilbert–Schmidt
operators, then
‖AB − BA‖2 
√
3‖A‖2‖B‖2, (3)
where ‖.‖2 denotes the Hilbert–Schmidt norm, and they have conjectured that the factor
√
3 can
be replaced by
√
2. For the case when A or B is normal, the inequality (3) has been improved in
[8] so that
‖AB − BA‖2 
√
2‖A‖2‖B‖2. (4)
This is also the case when H is two-dimensional. Moreover, it has been shown in [8] that if A or
B is positive, then
‖AB − BA‖2  ‖A‖2‖B‖2. (5)
If A ∈ B(H) is compact, then the singular values of A, by definition, are the eigenvalues of
the positive operator |A| = (A∗A)1/2 enumerated as s1(A)  s2(A)  · · · . Note that sj (A) =
sj (A
∗) = sj (|A|) for j = 1,2, . . . . It has been shown by Zhan in [22] (see also [23, p. 33] and
[24]) that if A,B ∈ B(H) are compact and positive, then
sj (A − B) sj (A ⊕ B) (6)
for j = 1,2, . . . . Here we use the direct sum notation A ⊕ B for the block-diagonal operator[
A 0
0 B
]
defined on H ⊕ H .
The purpose of this paper is to establish sharp inequalities for singular values and norms of
commutators of positive operators. In Section 2 we prove a singular value inequality for gen-
eralized commutators of positive operators, which includes the inequality (6) as a special case.
This inequality enables us to extend the generalized commutator version of the inequality (2) to
the wider class of unitarily invariant norms. In Section 3 we obtain another unitarily invariant
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ity (2) and refines the inequality (5). Other related commutator inequalities, including a usual
operator norm inequality for self-commutators, are also obtained. For other types of commutator
inequalities, we refer to [4,13,15], and references therein.
The usual operator norm and the Hilbert–Schmidt norm are typical examples of unitarily
invariant (or symmetric) norms. With the exception of the usual operator norm, which is defined
on all of B(H), each unitarily invariant norm ‖|.|‖ is defined on a two-sided ideal that is included
in the ideal of compact operators. For the sake of brevity, we will make no explicit mention of
this ideal. Thus, when we talk of ‖|A|‖, we are assuming that the operator A belongs to the norm
ideal associated with ‖|.|‖.
There is a one-to-one correspondence between symmetric gauge functions defined on se-
quences of real numbers and unitarily invariant norms defined on norm ideals of operators. More
precisely, if ‖|.|‖ is a unitarily invariant norm, then there exists a unique symmetric gauge function
Φ such that
‖|A|‖ = Φ(s1(A), s2(A), . . .) (7)
for every compact operator A ∈ B(H). If A ∈ B(H) is compact, and if U,V ∈ B(H) are unitary
operators, then
sj (UAV ) = sj (A) (8)
for j = 1,2, . . . , and so unitarily invariant norms enjoy the invariance property
‖|UAV |‖ = ‖|A|‖. (9)
Recall that if A ∈ B(H) is compact, then ‖A‖ = s1(A), and if A is a Hilbert–Schmidt operator,
then ‖A‖2 = (∑∞j=1 s2j (A))1/2. These norms are special examples of the more general class of the
Schatten p-norms, which are unitarily invariant, and are defined by ‖A‖p = (∑∞j=1 spj (A))1/p
for 1 p < ∞.
If ‖|.|‖ is a unitarily invariant norm associated with the symmetric gauge function Φ , then for
all compact operators A,B ∈ B(H), we define
‖|A ⊕ B|‖ = Φ(s1(A), s1(B), s2(A), s2(B), . . .). (10)
Thus,
‖A ⊕ B‖ = max(‖A‖,‖B‖) (11)
and
‖A ⊕ B‖p =
(‖A‖pp + ‖B‖pp)1/p (12)
for 1 p < ∞. For comprehensive accounts of the theory of unitarily invariant norms, we refer
to [1,9], or [21].
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The main result in this section is a singular value inequality for generalized commutators
of positive operators. This inequality yields considerable generalizations of the inequalities (2)
and (6). To prove this inequality, we need the following two lemmas.
Lemma 1. Let A,U ∈ B(H) such that A is compact and positive, and U is unitary. Then
sj (AU − UA) sj (A ⊕ A) (13)
for j = 1,2, . . . .
Proof. Using the unitary invariance of singular values (the relation (8)) and the inequality (6),
we have
sj (AU − UA) = sj
(
(A − UAU∗)U)= sj (A − UAU∗) sj (A ⊕ UAU∗) = sj (A ⊕ A)
for j = 1,2, . . . . 
The second lemma is an immediate consequence of the min-max principle (see, e.g., [1, p. 75]
or [9, p. 27]).
Lemma 2. Let A,B,C ∈ B(H) such that B is compact. Then
sj (ABC) ‖A‖‖C‖sj (B) (14)
for j = 1,2, . . . .
Since unitarily invariant norms are increasing functions of singular values (see, e.g., [1, pp. 52,
94] or [9, pp. 71, 79]), it follows from the inequality (14) that
‖|ABC|‖ ‖A‖‖C‖‖|B|‖ (15)
for every unitarily invariant norm.
Our singular value inequality for generalized commutators of positive operators can be stated
as follows.
Theorem 1. Let A,B,X ∈ B(H) such that A and B are compact and positive. Then
sj (AX − XB) ‖X‖sj (A ⊕ B) (16)
for j = 1,2, . . . .
Proof. First we prove the inequality (16) in the special case when A = B and X is self-adjoint.
Let U = (X− iI )(X+ iI )−1 be the Cayley transform of X. Then U is unitary, its spectrum does
not contain the point 1, and
X = i(I + U)(I − U)−1 = 2i(I − U)−1 − iI. (17)
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sj (AX − XA) = sj
(
A
(
2i(I − U)−1 − iI)− (2i(I − U)−1 − iI)A)
= 2sj
(
A(I − U)−1 − (I − U)−1A)= 2sj ((I − U)−1(AU − UA)(I − U)−1)
 2
∥∥(I − U)−1∥∥2sj (AU − UA) = 2
∥∥∥∥X + iI2
∥∥∥∥
2
sj (AU − UA)
= 1
2
(
1 + ‖X‖2)sj (AU − UA) 12
(
1 + ‖X‖2)sj (A ⊕ A)
for j = 1,2, . . . .
Now replacing X by tX, where t is any positive real number, we have
sj (AX − XA) 12
(
1
t
+ t‖X‖2
)
sj (A ⊕ A)
for j = 1,2, . . . . Since mint>0( 1t + t‖X‖2) = 2‖X‖, it follows that
sj (AX − XA) ‖X‖sj (A ⊕ A) (18)
for j = 1,2, . . . .
The general case follows from the special one by considering the operators C =
[
A 0
0 B
]
and
Y =
[
0 X
X∗ 0
]
. Then, as operators on H ⊕ H,C is compact and positive, Y is self-adjoint,
CY − YC =
[
0 AX − XB
BX∗ − X∗A 0
]
=
[
0 AX − XB
−(AX − XB)∗ 0
]
,
sj (CY − YC) = sj
(
(AX − XB) ⊕ (AX − XB))
for j = 1,2, . . . , and ‖Y‖ = ‖X‖. Now applying the inequality (18) to the operators C and Y ,
we have
sj (CY − YC) ‖Y‖sj (C ⊕ C)
for j = 1,2, . . . , and so
sj
(
(AX − XB) ⊕ (AX − XB)) ‖X‖sj (A ⊕ B ⊕ A ⊕ B) (19)
for j = 1,2, . . . . The desired inequality (16) now follows from the inequality (19), in view of the
fact that for any compact operator T , the singular values of T ⊕ T are the same as those of T ,
each counted with twice the multiplicity. This completes the proof of the theorem. 
Using the fact that unitarily invariant norms are increasing functions of singular values, we
obtain the following norm inequality for generalized commutators of positive operators. For gen-
eral (i.e., not necessarily compact) operators, the usual operator norm version of this inequality
can be obtained by an analysis similar to that used in the proof of Theorem 1, with sj is replaced
by ‖.‖.
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‖|AX − XB|‖ ‖X‖‖|A ⊕ B|‖ (20)
for every unitarily invariant norm.
Specializing the inequality (20) to the usual operator norm and the Schatten p-norms, we
obtain the following corollary, which includes a generalization of the inequality (2).
Corollary 2. Let A,B,X ∈ B(H) such that A and B are positive. Then
‖AX − XB‖ ‖X‖max(‖A‖,‖B‖) (21)
and
‖AX − XB‖p  ‖X‖
(‖A‖pp + ‖B‖pp)1/p (22)
for 1 p < ∞.
In particular,
‖AX − XA‖ ‖X‖‖A‖ (23)
and
‖AX − XA‖p  21/p‖X‖‖A‖p (24)
for 1 p < ∞.
The inequality (21) has been recently obtained in [19] using a different argument. Several
applications of this inequality have been also given in [19].
The example A = B =
[
1 0
0 0
]
and X =
[
0 1
1 0
]
shows that the inequalities (16) and (20)–(24)
are sharp.
In view of the inequalities (16) and (20), one might conjecture that if A,X ∈ B(H) are such
that A is compact and positive, then
sj (AX − XA) ‖X‖sj (A) (25)
for j = 1,2, . . . . However, for j > 1, this inequality is false even if X is also compact and
positive, as seen from the example A =
[
1 1
1 1
]
and X =
[
1 0
0 0
]
. In this case, s2(AX − XA) = 1 >
0 = ‖X‖s2(A).
Letting X = I in the inequality (16), we obtain Zhan’s inequality (6), which is stronger than
the inequality
‖|A − B|‖ ‖|A ⊕ B|‖ (26)
for all positive operators A,B ∈ B(H) and for every unitarily invariant norm. This inequality
has been obtained earlier by Bhatia and Kittaneh [2]. For a host of norm inequalities involving
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references therein.
3. Further commutator inequalities
In this section we give a norm inequality for generalized commutators of positive operators,
which includes the inequality (2) and yields a considerable refinement and generalization of the
inequality (5). Related commutator inequalities, and an estimate for the usual operator norm of
the self-commutator of an operator with positive Cartesian parts are also given.
To achieve our goal, we start with the following lemma.
Lemma 3. Let P,X ∈ B(H) such that P is a projection. Then
‖|PX − XP |‖ ‖|X|‖ (27)
for every unitarily invariant norm.
Proof. With respect to the decomposition H = ranP ⊕ kerP , P =
[
I1 0
0 0
]
, where I1 is the iden-
tity operator on ranP . If X =
[
X11 X12
X21 X22
]
, with respect to this decomposition of H , then
PX − XP =
[
0 X12
−X21 0
]
.
If I2 is the identity operator on kerP , and if U =
[
I1 0
0 −I2
]
, then U is unitary and
[
0 X12
−X21 0
]
= 1
2
(UX − XU).
By the triangle inequality and the unitary invariance of unitarily invariant norms (the relation (9)),
we have
‖|PX − XP |‖ =
∥∥∥∥
∣∣∣∣
[
0 X12
−X21 0
]∣∣∣∣
∥∥∥∥= 12‖|UX − XU |‖
1
2
(‖|UX|‖ + ‖|XU |‖)
= 1
2
(‖|X|‖ + ‖|X|‖)= ‖|X|‖,
as required. 
Now we are in a position to present our main result in this section. It is another generalization
of the inequality (2), and it leads to a considerable refinement of the inequality (5).
Theorem 2. Let A,B,X ∈ B(H) such that A and B are positive. Then
‖|AX − XB|‖max(‖A‖,‖B‖)‖|X|‖ (28)
for every unitarily invariant norm.
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‖|AX − XA|‖ ‖|X|‖ (29)
for every unitarily invariant norm. If A is positive and contraction, and if R = √A − A2, then
the operator P =
[
A R
R I−A
]
is a projection on H ⊕ H , regarded as a dilation of A (see, e.g., [10,
p. 323]). If Y =
[
X 0
0 0
]
, then
PY − YP =
[
AX − XA −XR
RX 0
]
.
Invoking Lemma 3, we have
‖|PY − YP |‖ ‖|Y |‖ =
∥∥∥∥
∣∣∣∣
[
X 0
0 0
]∣∣∣∣
∥∥∥∥ . (30)
Now if Q =
[
I 0
0 0
]
, then
[
AX − XA 0
0 0
]
= Q(PY − YP )Q,
and so, by the inequality (15), we have
∥∥∥∥
∣∣∣∣
[
AX − XA 0
0 0
]∣∣∣∣
∥∥∥∥ ‖|PY − YP |‖. (31)
Using the inequalities (30) and (31), we obtain
∥∥∥∥
∣∣∣∣
[
AX − XA 0
0 0
]∣∣∣∣
∥∥∥∥
∥∥∥∥
∣∣∣∣
[
X 0
0 0
]∣∣∣∣
∥∥∥∥ .
Consequently, by the Fan dominance property (see, e.g., [1, p. 93] or [9, p. 82]), we have
‖|AX − XA|‖ ‖|X|‖,
which proves the inequality (29).
If A is a positive operator, which is not necessarily contraction, then A/‖A‖ is positive and
contraction. So, by the inequality (29), we have
∥∥∥∥
∣∣∣∣ A‖A‖X − X
A
‖A‖
∣∣∣∣
∥∥∥∥ ‖|X|‖,
which yields the inequality
‖|AX − XA|‖ ‖A‖‖|X|‖. (32)
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[
A 0
0 B
]
and Z =
[
0 X
0 0
]
. Then, as
operators on H ⊕ H , C is positive,
CZ − ZC =
[
0 AX − XB
0 0
]
,
‖|CZ − ZC|‖ =
∥∥∥∥
∣∣∣∣
[
AX − XB 0
0 0
]∣∣∣∣
∥∥∥∥ ,
‖|Z|‖ =
∥∥∥∥
∣∣∣∣
[
X 0
0 0
]∣∣∣∣
∥∥∥∥ , and ‖C‖ = max(‖A‖,‖B‖).
Now, by the inequality (32) applied to the operators C and Z, we have
‖|CZ − ZC|‖ ‖C‖‖|Z|‖,
and so
∥∥∥∥
∣∣∣∣
[
AX − XB 0
0 0
]∣∣∣∣
∥∥∥∥max(‖A‖,‖B‖)
∥∥∥∥
∣∣∣∣
[
X 0
0 0
]∣∣∣∣
∥∥∥∥ .
Hence
‖|AX − XB|‖max(‖A‖,‖B‖)‖|X|‖.
This complete the proof of the theorem. 
The example A = B =
[
1 0
0 0
]
and X =
[
0 1
0 0
]
shows that the inequality (28) is sharp.
The inequalities (20) and (28) are both generalizations of the inequality (2) in two different
directions. For the usual operator norm, however, the two inequalities coincide and reduce to the
inequality (21).
In the proof of Lemma 3, replacing ‖|.|‖ by sj (.) and using the inequality (6) instead of the
triangle inequality, it can be easily shown that if X is compact and positive, then
sj (PX − XP) 12 sj (X ⊕ X) (33)
for j = 1,2, . . . . Based on this inequality, one can easily modify the proof of the inequality (32)
to conclude that if A,X ∈ B(H) are positive and X is compact, then
sj (AX − XA) 12‖A‖sj (X ⊕ X) (34)
for j = 1,2, . . . . Consequently,
‖|AX − XA|‖ 1‖A‖‖|X ⊕ X|‖ (35)
2
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‖AX − XA‖ 1
2
‖A‖‖X‖ (36)
and
‖AX − XA‖p  21/p−1‖A‖‖X‖p (37)
for 1 p < ∞. Of course, the inequality (36) is also true for the case when X is not compact.
The example A =
[
1 1
1 1
]
and X =
[
1 0
0 0
]
shows that the inequalities (34)–(37) are sharp.
If T ∈ B(H) has the Cartesian decomposition T = A+ iB , then A and B are self-adjoint, and
T ∗T − T T ∗ = 2i(AB − BA). Utilizing the inequality (36), we obtain the following corollary
concerning an estimate for the usual operator norm of the self-commutator of T when A and B
are positive. For related estimates, we refer to [19].
Corollary 3. Let T ∈ B(H) with the Cartesian decomposition T = A + iB such that A and B
are positive. Then
‖T ∗T − T T ∗‖ 1
2
(‖A‖2 + ‖B‖2). (38)
Proof. Using the inequality (36) and the arithmetic–geometric mean inequality, we have
‖T ∗T − T T ∗‖ = 2‖AB − BA‖ ‖A‖‖B‖ 1
2
(‖A‖2 + ‖B‖2).
The example T =
[
2+i i
i i
]
shows that the inequality (38) is sharp. 
Other applications of the inequality (36) are given in the following two corollaries.
Corollary 4. Let A,X ∈ B(H) such that A is positive, X is self-adjoint, and A±X. Then
‖AX − XA‖ 1
4
‖A + X‖‖A − X‖. (39)
Proof. Since A + X and A − X are positive, it follows from the identity
2(AX − XA) = (A − X)(A + X) − (A + X)(A − X)
and the inequality (36) that
2‖AX − XA‖ = ∥∥(A + X)(A − X) − (A − X)(A + X)∥∥
 1‖A + X‖‖A − X‖,2
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‖AX − XA‖ 1
4
‖A + X‖‖A − X‖.
The example A =
[
2 1
1 1
]
and X =
[
0 1
1 1
]
shows that the inequality (39) is sharp. 
Corollary 5. Let T ,X ∈ B(H) such that X is positive. Then
∥∥(T ∗T )rX − X(T ∗T )r∥∥ 1
2
‖T ‖2r‖X‖ (40)
for every r > 0.
Proof. Since (T ∗T )r is positive, it follows by the inequality (36) that
∥∥(T ∗T )rX − X(T ∗T )r∥∥ 1
2
∥∥(T ∗T )r∥∥‖X‖ = 1
2
‖T ∗T ‖r‖X‖ = 1
2
‖T ‖2r‖X‖.
The example T =
[
0 1
0 0
]
and X =
[
1 1
1 1
]
shows that the inequality (40) is sharp. 
Finally, we remark that the commutator inequalities presented in this paper can be used to
give upper bounds for norms of generalized derivations induced by positive operators.
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